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COMPUTATION OF GENERAL PLANETARY PERTURBATIONS
FOR RESONANCE CASES

INTRODUCTION

Many investigators have studied resonant motions in celestial mechanics.
These problems are of theoretical interest from the point of view of stability
and for understanding the characteristics of the motion. The practical impor-
tance of these problems comes from the existence of so many cases of resonant
motions in the solar system. Hagihara's work (Reference 3) contains an ex-
cellent summary of studies of these problems. The work of Schubart (Reference
5) has added significantly to the understanding of motions of resonant asteroids.
By a numerical averaging process on a computer he was able to isolate the
secular and critical terms of the disturbing function and then investigate the
stability and characteristics of the motion for a wide range of values of the
parameters.

The cases of resonance require special techniques when general perturba-
tions are to be computed. For this purpose it is necessary to represent the
motion in a form compatible with the usual trigonometric series so that accurate
results may be obtained including higher order effects from all the disturbing
planets. Such a form is obtained in the present study by using an argument in the
trigonometric terms such that the resonance of the mean motions is taken into
account. In this way the critical terms are removed and the effects appear in
the secular terms. The resulting series have the same form as in ordinary
nonresonance cases. The mean anomalies of the two bodies have been replaced
by a single related "anomaly" in the arguments of the trigonometric terms.

THE REFERENCE ORBITS

The perturbations of the coordinates are computed to give the deviation of
the motion of a planet from the motion in a fixed Keplerian ellipse. There is
some latitude in the choice of the elements of the reference ellipse, but to keep
the perturbations small, the reference motion should be a close approximation
" to the actual motion. When the mean motions, n and n’, of two planets are in
the ratio of two integers,

o

’

:B, p, q are integers,
n q



the motions are said to be commensurable and this is a case of resonance which
requires some special consideration in the computation of general perturbations.

An extensive expansion of the disturbing forces from the mutual attractions
of two planets is given in Reference 2. In the usual nonresonance case the per-
turbations are obtained as trigonometric series in terms of the two mean anom-
alies, g and g’, with various powers of the time as factors. This form results
from the fact that the position vectors ?0 and ?(’) in the two reference orbits are
periodic functions of the mean anomalies g and g’ respectively. In the expan-
sions of the components of the disturbing force, the terms in the series have the

form

cos . .
. 1g +
sxn(g ie)

where i and j are integers. When these terms are integrated with respect to
the time, the coeffecients are multiplied by the factor

In cases of resonance where

an = pn’
as before the terms with the argument

qg - pg’

or any multiple of this become critical since

qn - pn’ = Q.

There are several possibilities for treating such cases. The purpose here is
to give a method wherein the form of the series is similar to that of the usual




nonresonance case. The mean anomalies, g and g’ , are linear functions of the
time, t

g =nt + g,
g' =n't +g0'-
Putting
1
n* ~n_n and g* = n¥*t
p q

there follows

_ % — *
g*pnt-l“go_pg +g0

[ * !
g =an™t + g =qz* g

Now ifg*is increased by 277 theng and g' are increased by 2p7 and 2q7 respec-
tively. Since ?0 and F(’) are periodic functions of g and g’ respectively, both

T 0atnd ?’6 are periodic functions of g*. The former development in terms of

g and g' can be replaced, in the resonance case, by a development in terms of
the single angle g*, and in this form there are no critical terms. In the results
the affects of the critical terms will appear in secular form. The development
given on pages 5 through 11 of Reference 2 can be used in the computation ex-
cept that the double harmonic analysis is now replaced by simple harmonic
analysis in the variable g*.

In the application of this method, the mean motions of the two planets in the
reference orbits must be exactly commensurable. The deviations from the
reference orbits are properly taken into account by adjusting the constants of

integration in the series.

FORMULAS FOR THE PERTURBATIONS

The form presented in the previous section for representing the motion in
cases of resonance using trigonometric series can be applied using nearly any
decomposition of the perturbations. Musen's (Reference 4) method of pertur-
bations of the rectangular coordinates is used in the present case.



The position vector, r , of a planet is given by

T=(+a)T,+6w+yaR

where a, 8,y are the components of the perturbations, ?0 is the position vector
in the fixed reference ellipse, a is the semi-major axis of the reference ellipse,

R is the unit vector in the direction of the angular momentum of the motion in
the reference ellipse and

- ldro
W= = ,
n dt

n being the mean motion in the reference ellipse and t is the time.

The perturbations are computed from the formulas
a = J(MID + M,E) d (nt)
8= J(M4 - 2a)d(nt)

Y = f M,D d (nt)

to which the contributions from the constants of integration are to be added.
The integrands are obtained from the formulas:

M, =S, - (a’F)
M, =S, - (a?F)

ro—o 2—.
My =—R " (a’F)

M, :fM2 d(nt)
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D= [sin (n-€) — e sin 7 + e sin €]

-

and

E-22 [1-cos (m-¢)]
To

where e is the eccentricity of the reference ellipse, € is the eccentric anomaly
in the reference ellipse, 7 is the eccentric anomaly held constant during the
integration and replaced by ¢ afterward, and P ,(3 are the standard unit vectors
associated with R. The factor a2 F is the disturbing force which can be ex-
pressed as

The various f 's which are factors of the powers of the time are given on pages
6-10 of Reference 2.

The f 's depend on the reference position vectors of ?0 and ;Io which are

periodic functions of g*. Similarly §1 s §2 , and ?o are periodic functions of g*.
Thus M;, M,, and M; can be written in the form

_ 2, ...
M. —mi'1+m.“1t +mi,2t +

1

where



—

r
0 =

-~ R a?f.
a j

=
i

for j=1,1,2,3,..... Therefore, by simple harmonic analysis each mi,j
can be obtained as a trigonometric series in g*.

The expressions for D and E also can be represented as trigonometric

series in g* and n. These series along with those for the Mi's form the in-

tegrands in the expressions for a, B, and ¥. Terms under the integral have
the general form

[C cos (ax + b) + S sin (ax + b)] xP.

Upon integration this takes the form

[Cp cos (ax + b) +S, sin (ax +b)] xP 4 [CP—l cos (ax + b) +Sp_lsin(ax +b)] xP~1

+ [Cp~2 cos (ax +b) + 8§ _, sin (ax +b)] xP™2 4 -+ -

+ [CO cos (ax + b) + S, sin (ax + b)]

where
cp:-; sp:g.
=25, Se-1 = -2¢,
Cp“2:p;18p-l’ Sp-2:—p;1Cp-1’
Cp_3:p;2sp_2, Sp_3—_P;2CP_2, ......




and finally

The special case where a =0 must be treated separately. Here the term
under the integral has the general form ktP where kis a constant. Integration
yields terms of the form (k/p+1)t°*! which introduces factors with one higher
power of the time and since 3 involved double integration factors are generated
for two higher powers of the time. In this manner, secular terms and terms
with higher powers of the time enter the expansions.

The final expressions for a, S, andy have the general form

ZS tP Z [Cp'i cos (ig*) + S, ; sin (ig*)]

p=0 i

where s is the highest power of the time carried in the computation and g* = n*t.

APPLICATION

The case of the mutual attractions of Pluto and Neptune demonstrates the
capabilities of the method. The values used for the reference orbit elements
are given in Table I. These are approximate mean elements with the mean
motion and semi-major axis of Piuto adjusted to satisfy the resonance criterion,

3n, = 2n, where n, is the mean motion of Pluto and ng is the mean motion of
Neptune.
Table I
Refercence Elements of the Planets Pluto and Neptune
) L Mean Motion Longitude Argument Mean Anomaly
Planet Sen.u—.Ma]m Eccentricity in of of Inclination at Epoch
Axis in a.u. e Degrees/Day Ascending Node Perihelion i (JD 2415200.5)
a Q w g
n 0
Neptune 30.005162 .008956 20059818842 1312332 2759147 127745 3971226
Pluto  39.382760  .248895 0039879228 10956750 113%9034 1771434 23070159
7



The coefficients of T* cos(i g*) and T sin (ig") in the series for the
perturbations are given in Tables II and III. For comparison purposes, the
mutual attractions of Pluto and Neptune were computed in Chebyshev series, as
in Reference 1. The series in Table II and the Chebyshev series were evaluated
at intervals of 800 days to give residuals in a, 8 and y for two centuries on either
side of the epoch. Figure 1 shows the trend of the residuals over the interval.
The unit of time for the secular terms in the trigonometric series is one century
(36525 days) and as expected the residuals increase in size beyond one unit from
the epoch. The largest deviation of the four centuries is .7 X 10-8 or less than
002 of arc in S.

Table II
Coefficients in the Series for the Perturbations of Pluto Due to Neptune

Coo~NOU &N —O

6

a.l0 3.106 7.105
j k cos gin cos sin cos sin
(SR} 77108 O O. Oe 3.0469 '
[FRNV} 11644417 7667695 23743396 -250.1348 102250 443397
00 2Ne %367 —6.8767 =N,0000 NeNNON Eial¥alalatel —-n,Nnnnn
U 0 1386594 -10e2346 541872 -12.4812 l1el1377 61786
00 Te8812 —-340165 ~7.9918 -11.2%40 —2e2129 26157
(VY] 4ea0002 0«0170 —1le3629 —belllc —0e6797 Q06606
00 let4731 -0+3964 -046860 =243503 -0.2082 02638
00 043957 -042325 00,4682 -0.,7887 -0el218 0e3940
)0 Net234 ~0e2927 -0e4400 =04 676 ~0eC971 0e2563
0 02797 -0.7631 ~0a43533 —0e.3140 -0e0672 N.1060
g0 Delags ~J2.10084 —-0.1940 ~Ne1977 -0e0232 N.0645
G O 040967 —N405%8 -~ 1064 ~0.1157 Qe (002 00557
o0 a5 1 —0405%4 —2e07hH5 ~0e0573 ~CeN027 N0.0398
00 Ne0262 ~0.0368 040556 =0.N305 —0eNSY Ne02473
00 1e0191 ~Ne0N241 ~N,07388 -0 ,0209 -0eNN12 N«N141
0 0 060116 =Ne0D180 ~0,0257 -0.0134 NeNO16 Ne0N393
¢ 0 (14C0O42 -0s0121 ~0e0167 ~0.0071 0e0014 0. 0072
00 N.0041 - L0080 -N,0116 -0,0036 NeNNNT Ne 0051
N0 NeDN24 -NeN0IHT7 ~-NeNZ3 -NeNnzn NeNNNG NeNN31
500 NeGD12 —NeN03Y -0 N7 -N.NnN11 feINNT N.0N19
N0 Ng NG -NyNnP7 =N aNN12R N NNNEK NeNNPN7 NeNN14
v 1 9240432 04 0. Qe le160 O
¢ 1 ~0e0945 -Ne(1592 ~0,88&8C 0e7988 -0 ONGT 00034
el =14,0529 ~81le77%% -163,06029 2640264 10,0917 3.2832
01 =0e0485 =0.000b 00381 NeN756 ~0eNN24 ~N.0021
G 1 8elvll 541016 5. 1041 —celo4b -le10%0 0eb6854
rol Te004E 0016 ~CaNN22 n,annN37 NeNH 12 ~0.,NN16
o1 ~le/byl Vo397 Vo274 lel75¢ Ue 0345 —Uec376
Gl ~Ne0040 e 0014 STeR A N0,0N11 NeNNC2 -0e0001
U1l 0e.138% ~De2828 ~041710 -0e0684 DeN345 0.0387
3N | DeNON)D DS IY ol Yo ARG ~naN0NT (el ¥atelalsl =N.NN0N?
61 040686 Calishb (1e023G —0a(GlY2 ~(ef124 00003
0ol -N.0001 T ol AN Iaten | ~.onn? NeNN] —N.N0NT
01 ~NgN2L6 ~NaN0GLD -~ 6013 I CeaDOZD - O02H
n 1 ~.00N2 — g NN el nennel [s¥Salalele —N.NNN
o1 00050 -0 004D =0, N010 —r el 4 NeOO? NeONNA
01 -0400N0 NeNG1R CeNDY [aP s lalake —-Ne N2 —NeNnNI
oo =0 000G -NgNNn3 -0, 0N el alatal| NeCC D] —NeNNN
RN N NN EXaR aelotel SyrnAan —r AN —" e NeNNNAN
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Table II (Continued)
Coefficients in the Series for the Perturbations of Pluto Due to Neptune

a.10° B.108 7.108

ik cos sin cos sin cos sin
0 2 00191 Ce -1884,5243 Oe 00010 Oe
0 2 01408 ~0e1433 ~0.3141 ~0.4173 0«005% -0.0025
0 2 0.0390 - 00329 0.0700 ~NeN767 0He0NOS ~Ne.0NN25
n 2 Ne0017 0aN206 -0,0003 N,a0ON93 ~NeONN5 ~Ns0ON18
0 2 -0e0144 0.0004 -0.0032 00083 0e0012 N0«0005
0 2 ~0e0093 ~“N«004LO6 -0.0021 Ne 032 NDeONNA NeNON3
n 2 000068 =0.0048 -0.NN14 NehinN1l3 =Ne0ND1 NeNNNG
0 2 NaN020C -NeNN1AK =0.N008 N,aONN7 NeNNNT =N.0ONNN
o2 0a00N4 0.0011 -0.,0004 NaON5 QeNNNOD -N.0Nnnl
n 2 ~N40005 NeNONB -N,Nnn01l NNNN3 NeNNNY N NNNN
c 2 -(5e0007 ~=N.0002 -0.0001 00002 NeONO1 N 000N
G 2 -0.0003 -N.,0003 -N, 0001 N,0NN2 NeNOON N ONDN
0 2 0.,0001 -0.,0002 -0C.00C1 N,00C1 DeNOC =N.0NNND
0 2 N,0001 -0.0000 -0,0000 N,0001 NeONN ~N.NONN
02 -0+0000 0.0001 -Ne.0000 NeNON1 NeXNNN “NeNNNN
n 2 -0.0001 0.0000 ~0,0000 NeNNNN NeNNNN “NeNNNDN
03 ~040122 Os -0.0345 Oe -0e0C0S Oe
n 13 Ne00N] NyNON2 0,0008 N, 00NT N DONN —NeNNNN
03 -0,0258 Ne0179 0.0172 0.,0055 -0e0014 040029
A -0,00NN ~NyNON1 N.NONN =-N,NNN1 NeNNNN N,NNAN
0 3 040041 -0.,0123 -0.0001 040011 —0e0NNN3 ~0s0006
0 3 00024 00044 ~0.,0002 ~N.0001 CeCO 0.0000
0 3 -0,0018 ~NeN00G 0.,0000 ~0,0000 Qe NN N, 0NON
03 0.0005 —-N4a0004 NeONON NeNNANN NeNONN —-n.N0ONN
03 ~0.0000 040002 -0,0000 “NeNNNN DeOOND N. 00NN

3 =Na00N] —~NeNO0T NDeNONON —-NsnNAN —NeNNNN NeNONN
G 4 -0e0196 O 040227 Oe -0« CO0OC O
0 4 -Ne00N1 -0.0001 0,0001 N,00N02 ~NeNNNO N.ONONN
O 4 0.0092 -040110 -0+0000 040000 ~0«0000 Ne00NO
0 4 0.,0001 Q.N000 00,0000 -n_NNnNn NeOOOD Nn.NNNN
0 4 0«0009 Ne0051 0.0000 =0.0000 ~Ne 000N NeODD
0 4 -0.0016 -0.,0009 C.0000 0.0C00 00000 —0.0000
N 4 00006 04,0002 N,aNN0N -n,NNNN Y Yalalala! NeNNNAN
0 &4 ~0.0001 0.,0002 0.,0000 -N,nnN0nN ~NeNCOD —N.0N0ON
0 4 ~0.0000 ~0.0001 0.0000 NeOOON Ge0Q000 =-Ne«0N0O0

9
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Table III

Coefficients in the Series for the Perturbations of Neptune Due to Pluto

[eNoNoNeoNoNoNoReNoN e Al

o0 CcCOoOCOTCOO0O0OCCCOOCC

=

o]

L A N o = e e e

NN NN NNN

wowWw

cos8

0.0361
-2.8317
761479
-()|7132
-1.8191
_036387
-0e3069
~0e1487
~0.0709
~00391
~0.0231
-0.0132
~0e0078
-0.0047
-0.0027
-0e0016
-0 0010
-0+0006
-0+0003
-0.0002
=0,0001

=4.0541
0.,0065
-0.0005
140487
000264
0.0006
(e0137
0.0002
0.0001
00002

~0,0007
~0+.0049
~0.0027
~(.0003
0.0004
0,0003
0.0002
0.0001
00001

0.0010
-N.00N0
0.0005

~0s0001

sin

O.
-149734
0.2280
0.1012
0.9415
043230
0.1237
0.0794
060467
0.0288
0.0195
0.0128
0.0081
00054
04,0037
00025
N,0017
0a0012
0.0008
0.,0006
NN0N0G

Q.
0.0060
~-0.0002
3.4695
-0.0007
-0 00002
0.0089
=0.N0N1
=0.0000
—0.0000

o.
0,0030
-O 00016
-0e0019
040005
Ne00N1
0.0001
0.0001
0.0000

0e
=0.0000
~0,0001

Qo

A.10°

co8

O.
-10.7879
0.2795
-0.0000
146611
0.4981
0.1731
0.0885
0.0580
0.0397
0.0233
0.0132
£.0087
040063
040043
0.0027
n,on18
NenN13
N. 0009
0.,0006
N AN04

O.
0.0621
0.0034
649393
=N.0012
~-0.0004
0.0089
-N.CC001
~0eNNN1
=0.0000

11.5777
0.0154
=-0.0067
=0,0044
0.000?
0L, 0001
N 0001
0.0001
0.0001

0.0013
-0.0001
=0.0003

-0.0014

10

sin

(0%
13,4496
~-19,3522
~0.0000
249897
1.0080
0.4327
061765
00799
0+0462
00279
0«0155
C.0081
00046
Ne 0029
Ne0018
N,N01N
NeNNO5
00003
00002
”.0001

O.
~0.0524

00046
=2.0959
~0.0042
—0.0008
-0.0138
=N.0002
—N.0001
=N.NNN1

0.
N.0235
0.0071
0.0010
=0«0006
=0,N00N4
=NeNNON2
=0.N001
=0.00C1

0.
NeNONQO
=N,N011

Oe

co8

-0.1957
-0e4l21
_005690
=040000
02614
0«0808
040608
0e0296
0e0146
00076
Ne0029
00021
0e0020
Ce0010
00003
00002
NeNNO1
0«0001
[aXelelelel
-De.0NOD
-Ne. 00NN

=0¢0027
NDs00073
00004
-0e3872
=N«ONN6
-0« 0002
00037
-0« NONO0D
-0elN0O0O
-0.0C0N

~0e0001
~0e0001
0« 0001
040001
-0«0001
-0 00NN
=0eNNNN
-0« NO0N
-0« 0000

Ce 0000
=0eNONOD
-0 0000

00000

7.106

sin

0.

0.1763
~-0.0708

040000
_002765
=-0.0527
~0.0472
~0.0324
~0.0103
=0.0066
—0.0067
-0+0046
-0.0027
=-0.0016
=0.0010
~0.0008
=D«NNNG
—Ne.00DNG
“0eNON?
“NeNON2
~NaNNN]

Oe
=0.0001
0.0002
-0.8137
NeNOO3
0.0001
~0.0017
NeONND
00000
N« 00ONO

O
-0.0000
-0.0001

00001
-0.0002
-NeNNN1

N ONND

00000
=0.0000

00
NeOOND
0.0001

Oe
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Iteration to convergence for the mutual attraction of Pluto and Neptune re-

quires four iterations and six minutes of machine time on an IBM 7094 '"Moon-~
light'" system.

Another case handled by this method of trigonometric expansion is the
perturbations of the minor planet Hilda due to Jupiter. Again there exists a

three to two resonance. Table IV gives the elements for the reference orbits
of the planets.

Table IV
Reference Elements of the Planets Hilda and Jupiter

. i 1
Semi-Major o Mean AMotlon Longitude Argument o Mean Anomaly

Planet Axis in a.u Eccentricity in of of Inclination at Epoch
N o e Degrees/Day Ascending Node Perihelion i (JD 2433200.5)

a n Q w g,
Hilda  3.969423 .153760 212462789 22873400 4972610  7.8460 24579780
Jupiter  5.203063 048410 208308526 9979479 27420669 133071 2955194

Table V gives the coefficients of the trigonometric series for a, 3, and .
The unit of time for this series is the period of Hilda divided by 27. The re-
duced time unit is necessary because of the large perturbations of Jupiter on

the minor planet. With a one century time unit, the series coefficients are
large and convergence is slow.

Table V
Coefficients in the Series for the Perturbations of Hilda Due to Jupiter
a.108 6 6

i j k cos sin cos .10 sin cos 7.10 sin

0 00 -120.9943 Oe 0. Q. ~0e5198 Ce

1 00 -306.6840  -841,0596 -3435,7379 875.6191 5140465 4041660
2 00 1521.6919 =299Y7.8475 -8238.6464 -~4]4040171 4644376 1.9010
3 00 —86+2587  —43041434 -0.0000 ~0.0000 NeNNNGC -0.0000
4 00 72740608 71843318 1209.8296 =1193.,0804 444585 -62.4435
5 ¢ 0 -<ll.9l26 4146052 4,7176 3464.9106 4al683 19.2708
6 00 228458693 -254.2987 —54,1563  =256.9403 ~741305 ~Te884B
7 00 -l4bely2y Y6.7089 10445142 15648829 1041052 441389
8 0O 1646290 ~70.0961 -7544031 =21.41%9Y ~541518 0.7114
9 00 040076 566001 50,9787 =3.4319 244647 -2.0367
10 v 0 -18.2119 -33,8711 29,2623 17.5199 ~1lel572 2.2910
11 ¢ o0 19.7151 841139 7.0920 -18.0331 ~0e1560 -1.5206
12 00 -1%.2318 -0.5679 0.9553 12,5697 0e6245 0.8126
13 00 940409 ~448708 ~4.6395 ~7.0993 —0e6756 -043321
14 00 ~2.8680 640194 5.1815 2.1245 05027 -0.0581
15 00 0.0546 ~4,6413 ~3,7536 0e%394 -0e2825 042190
16 0 0 1.6686 2.7666 2.1013 ~1a9645 0e1043 -042365
17 00 -2.0506 ~0e9682 ~0.6626 1.7236 00262 0.1831
18 00 1e5886 ~0.0717 ~0.2072 —142785% -0+0846 ~0.1046
19 00 ~0e9670 0e6482 0.5896 0.7116 0+0915 0.0358
20 00 0e3344 -0.7647 ~0,6330 -0.2205 ~0,0713 0.0123
21 00 040619 045945 0.4745 -0.0952 00408 -0.0347
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